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Abstract

This paper shows how to solve linear programs of the form mina;—p >0 ¢"x with n variables

in time
O*((nw + n2.5—a/2 + n2+1/6) log(n/d))

where w is the exponent of matrix multiplication, « is the dual exponent of matrix multiplication,
and ¢ is the relative accuracy. For the current value of w ~ 2.37 and a ~ 0.31, our algorithm
takes O*(n® log(n/§)) time. When w = 2, our algorithm takes O*(n?*'/¢log(n/§)) time.

Our algorithm utilizes several new concepts that we believe may be of independent interest:

e We define a stochastic central path method.

e We show how to maintain a projection matrix vWAT (AW AT)~'AVW in sub-quadratic

time under ¢ multiplicative changes in the diagonal matrix W.

*Work was done while the first two authors were visiting Microsoft Research and hosted by Sébastien Bubeck, and
the third author was visiting University of Washington. The authors would like to express their sincere gratitude to
Rasmus Kyng for his questions about inverse maintenance that initiated this project.



1 Introduction

Linear programming is one of the key problems in computer science. In both theory and practice,
many problems can be reformulated as linear programs to take advantage of fast algorithms. For an
arbitrary linear program min g,—p ;>0 ¢z with n variables and d constraints®, the fastest algorithm
takes O*(V/d - nnz(A) + d*°)? where nnz(A) is the number of non-zeros in A [LS14, LS15].

For the generic case d = (n) we focus in this paper, the current fastest runtime is dominated by
O*(n?9). This runtime has not be been improved since the result by Vaidya on 1989 [Vai87, Vai89h].
The n?5 bound originated from two factors: the cost per iteration n? and the number of iterations
/. The n? cost per iteration looks optimal because this is the cost to compute Az for a dense
A. Therefore, many efforts [Kar84, Ren88, NN89, Vai89a, L.S14] have been focused on decreasing
the number of iterations while maintaining the cost per iteration. As for many important linear
programs (and convex programs), the number of iterations has been decreased, including maximum
flow [Mad13, Mad16], minimum cost flow [CMSV17], geometric median [CLM™*16], matrix scaling
and balancing [CMTV17|, and ¢, regression [BCLLI8|. Unfortunately, beating /n iterations (or
Vd when d < n) for the general case remains one of the biggest open problems in optimization.

Avoiding this open problem, this paper develops a stochastic central path method that has a
runtime of O* (n® +n%>5-%/2 4 n>+1/6) where w is the exponent of matrix multiplication and « is the
dual exponent of matrix multiplication®. For the current value of w ~ 2.38 and o ~ 0.31, the runtime
is simply O*(n®). This achieves the natural barrier for solving linear programs because linear system
is a special case of linear program and that the currently fastest way to solve general linear systems
involves matrix multiplication. Despite the exact approach used in [CW87, Will2, DS13, LG14]
cannot give a bound on w better than 2.3078 [AFLG15| and all known approaches cannot achieve
the bound w = 2 [AW18], it is still possible that w = 2.01 using all known approaches. Therefore,
we believe improving the additive 2 + 1/6 term remains an interesting open problem.

Our method is a stochastic version of the short step central path method. This short step
method takes O*(y/n) steps and each step decreases x;s; by a 1 — 1/4/n factor for all i where s is
the dual variable [Ren88]. This results in O*(n!-®) coordinate updates and O*(n*%) total time. Our
method takes the same number of step but only updates 5(\/ﬁ) coordinates each step. Therefore,
we only update O*(n) coordinates in total, which is nearly optimal.

Our framework is efficient enough to take a much smaller step while maintaining the same
running time. For the current value of w ~ 2.38, we show how to obtain the same runtime of O*(n®)
by taking O*(n) steps and O(1) coordinates update per steps. This is because the complexity of
each step decreases proportionally when the step size decreases. Beyond the cost per iteration, we
remark that our algorithm is one of the very few central path algorithms [PRT02, Mad13, Mad16]
that does not maintain x;s; close to some ideal vector in £ norm. We are hopeful that our stochastic
method and our proof will be useful for future research on interior point methods. In particular,
it would be interesting to see how this can be combined with techniques in [Cla95, LS14] to get a
faster algorithm for linear programs with d < n.

Besides the applications to linear programs, some of our techniques are probably useful for
studying other important problems in convex optimization. In particular, our framework should be
naturally extendable to a larger class of convex programs.

!Throughout this paper, we assume there is no redundant constraints and hence n > d. Note that papers in
different communities uses different symbols to denote the number of variables and constraints in a linear program.

2We use O* to hide all n°) and log®™ (1/§) factors in the introduction.

3The dual exponent of matrix multiplication « is the supremum among all a > 0 such that it takes n?T°®) time
to multiply an n X n matrix by an n X n® matrix.



2 Results and Techniques

Theorem 2.1 (Main result). Given a linear program minaz—p z>0 ¢z with no redundant con-
straints. Assume that the polytope has diameter R in €1 norm, namely, for any x > 0 with Ax = b,
we have ||z|; < R.

Then, for any 0 < 6 <1, MAIN(A, b, c,d) outputs x > 0 such that

T . T
< - R d ||[Az—b|L1 <d- [ R A; s b
oS min T8l ond Az =t <3 | R3S ||+ 1ok
i expected time

<nw+o(1) 1 p25-a/2to(1) +n2+1/6+o(1)> -log(%)

where w is the exponent of matriz multiplication, « is the dual exponent of matriz multiplication.
For the current value of w ~ 2.38 and o ~ 0.31, the expected time is simply n“ o) log(%).

Remark 2.2. See [Ren88] and [LS13, Sec E, F| on the discussion on converting an approximation
solution to an exact solution. For integral A,b,c, it suffices to pick § = 27°L) to get an ezact
solution where L = log(1l + dmax + ||¢|lcc + ||bl|cc) s the bit complexity and dmax is the largest
absolute value of the determinant of a square sub-matriz of A. For many combinatorial problems,
L = O(log(n + bllsc + llcloc)).

If T(n) is the current cost of matriz multiplication and inversion with T(n) ~ n*38, our runtime
is simply O(T'(n)lognlog(%)). The log(%) comes from iteration count and the logn factor comes
from the doubling trick (|yz(1.5m| = (1 —1/logn)|yr)|) in the projection maintenance section. We
left the problem of obtaining O(T'(n)log(%)) as an open problem.

2.1 Central Path Method

Our algorithm relies on two new ingredients: stochastic central path and projection maintenance.
The central path method consider the linear program

. T . T
min ¢z rimal) and max b dual
L (primal) max by (dual)

with A € R4*"™. Any solution of the linear program satisfies the following optimality conditions:
x;8; = 0 for all 1,
Az = b,
ATy +s=c,
xi, 8; > 0 for all 4.
We call (z,s,y) feasible if it satisfies the last three equations above. For any feasible (x,s,y), the
duality gap is ), #;s;. The central path method find a solution of the linear program by following

the central path which uniformly decrease the duality gap. The central path (x¢, s, y:) € Rrtntd
is a path parameterized by t and defined by

xt;5¢; =t for all 4,
A[L‘t == b,
ATZ/t + st =c

T4, 5t > 0 for all 7.



It is known [YTM94]| how to transform linear programs by adding O(n) many variables and con-
straints so that:

e The optimal solution remains the same.

e The central path at t =1 is near (1,, 1,,04) where 1,, and 04 are all 1 and all 0 vectors with

appropriate lengths.

e It is easy to covert an approximate solution of the transformed program to the original one.
For completeness, a theoretical version of such result is included in Lemma A.6. This result shows
that it suffices to move gradually (z1, s1,y1) to (¢, S¢, y¢) for small enough t.

2.1.1 Short Step Central Path Method

The short step central path method maintains x;s; = p; for some vector p such that

Z(,ui —1)2=0(t?) for some scalar t > 0.

7

To move from p to p+ 6, approximately, we approximate the term (x + 6,);(s + 05); by xis; +
205 + 5;0,; and obtain the following system: system:

X054 S8, = 3,
Ab, =0, (1)
ATS, 45 =0,

where X = diag(x) and S = diag(s). This equation is the linear approximation of the original goal
(moving from pu to pu+ ), and that the step is explicitly given by the formula

X 1 S 1
6p= —(I-P)—5, and 6, = ——P——_§ 2
\/XS( )\/XS # VXS VxSt @)

where P = \/%AT (A%AT)f1 A\/g is an orthogonal projection and the formulas \/X— %, - are
the diagonal matrices of the corresponding vectors. B

A standard choice of 0,; is —t/y/n for all ¢ and this requires O(y/n) iterations to converge.
Combining this with the inverse maintenance technique [Vai87], this gives a total runtime of n*°
We remark that >, (u; —t)? = O(t?) is an invariant of the algorithm and the progress is measured

by t because the duality gap is roughly nt.

2.1.2 Stochastic Central Path Method

This part dislcuss how to modify the short step central path to decrease the cost per iteration to
roughly n“~2. Since our goal is to implement a central path method in sub-quadratic time per
iteration, we even do not have the budget to compute Ax every iterations. Therefore, instead of
maintaining (A%AT)_1 shown in previous papers, we will study the problem of maintaining a

projection matrix P = \/}A—r (AXAT A\/> due to the formula of §, and J5 (2).

However, even if the projection matrix P is given explicitly for free, it is difficult to multiply
the dense projection matrix with a dense vector §, in time o(n?). To avoid moving along a dense
d,, we move along an O(k) sparse direction gﬂ defined by

ef 62 1 .
gw _ du,i/pi, with probability p; = k - <Zz 5 + > ; 3)

0, else.



The sparse direction is defined so that we are moving in the same direction in expectation (E[d, ;] =

~ -52 .
d,,i) and that the direction has as small variance as possible (E[éil] < %) If the projection

matrix is given explicitly, we can apply the projection matrix on d, in time O(nk). This paper picks
k ~ /n and the total cost of projection vector multiplications is about n?.
During the whole algorithm, we maintain a projection matrix

~ o -1
P= £AT (AXAT> A §
S S S

for vectors Z and 5 such that 7; = ©(z;) and 5 = O(s;) for all 7. Since we maintain the projection
at a nearby point (Z,5), our stochastic step = <— = + 6, s < s+ d5 and y < y + 6, are defined by

X0s + S0, =0,
Ab, =0, (4)
ATS, 46, =0,

which is different from (1) on both sides of the first equation. Similar to (2), Lemma 4.2 shows that

~ X — 1 =~ ~ S — 1
VxS " T VXS VXS
The previously fastest algorithm involves maintaining the matrix inverse (A%AT)*1 using sub-
space embedding techniques [Sar06, CW13, NN13] and leverage score sampling [SS11]. In this paper,
we maintain the projection directly.
The key departure from the central path we present is that we can only maintain

Oy (5)

0.9t < p; = x38; < 1.1t for some t > 0

instead of u close to t in 5 norm. We will further explain the proof in Section 4.1.

2.2 Projection Maintenance

The projection matrix we maintain is of the form vW AT (AVVAT)_1 AVW where W = diag(x/s).
For intuition, we only explain how to maintain the matrix M, o AT(AWAT)1A for the short

new
w;

N2
step central path step here. In this case, we have ), ( L _w’> = O(1) for each step.

Wy

If the changes of w is uniformly across all the coordinates, then w*V = (1 + ﬁ)wZ for all 7.
Since it takes \/n steps to change all coordinates by a constant factor and we only need to maintain
M, with v; = O(w;) for all ¢, we can update the matrix every y/n steps. Hence, the average cost of
maintaining the projection matrix is nw_%, which is exactly what we desired.

For the other extreme case that the “adversary” puts all of his ¢ budget on few coordinates,
only \/n coordinates are changed by a constant factor after \/n iterations. In this case, instead of

updating M, every step, we can compute M,k online by the woodbury matrix identity.

Fact 2.3. The Woodbury matrixz identity is

(M+UCV) =M1t -MUC T +VvM UtV ML



Let S C [n] denote the set of coordinates that is changed by more than a constant factor and
r = |S]|. Using the identity above, we have that

Mynew = My, — (Mw)S(AEEg + (Mw)S,S)il((Mw)S)T (6)

where A = diag(w"*V —w), (My)s € R™*" is the r columns from S of M,, and (My)s,s, Ag,s € R™"
are the r rows and columns from S of M,, and A.

As long as v; = O(w;) for all i except not too many coordinates, (6) can be applied online
efficiently. In another case, we can use (6) instead to update the matrix M, and the cost is
dominated by multiplying a n x n matrix with a n x n” matrix.

Theorem 2.4 (Rectangular matrix multiplication, [LGU18]). Let the dual exponent of matriz mul-
tiplication o be the supremum among all a > 0 such that it takes n*t°0) time to multiply an n x n
matrix by an n X n® matriz.

Then, for any n > r, multiplying an n X r with an v X n matrix or n X n with n X r takes time

p2to(l) | 852 2= AP (1)

Furthermore, we have o > 0.31389.

See Lemma A.5 for the origin of the formula. Since the cost of multiplying n x n matrix by a
n x 1 matrix is same as the cost for n x n with n x n%3!, (6) should be used to update at least
n%31 coordinates. In the extreme case we are discussing, we only need to update the matrix n3 =031
times and each takes n? time, and hence the total cost is less than n*.

In previous papers [Kar84, Vai89b, NN91, NN94, LS14, L.S15], the matrix is updated in a fixed
schedule independent of the input sequence w. This leads to sub-optimal bounds if used in this
paper. We instead define a potential function to measure the distance between the approximate
vector v and the target vector w. When there are more than n® coordinates of v that is far from
w, we update v by a certain greedy step. As in the extreme cases, the worst case of our algorithm
is that the “advlersary” puts his £o budget across all coordinates uniformly and hence the worst case

runtime is n“~ 2 per iteration. We will further explain the potential in Section 5.1.

3 Preliminaries

For notation convenience, we assume the number of variables n > 10 and there is no redundant
constraints. In particular, this implies that the constraint matrix A is full rank and n > d

For a positive integer n, let [n] denote the set {1,2,--- ,n}.

For any function f, we define O(f) to be f - log®M(f). In addition to O(-) notation, for two
functions f, g, we use the shorthand f < g (resp. 2) to indicate that f < Cg (resp. >) for some
absolute constant C.

We use sinh x to denote este "

and cosh z to denote —=F—.

2
For vectors a,b € R"™ and accuracy parameter € € (0,1), we use a =~ b to denote that (1 —e€)b;

<
a; < (14 €)b;,Vi € [n]. Similarly, for any scalar ¢, we use a =, t to denote that (1 — e)t < a; <
(14 e)t,Vi € [n]
For a vector z € R™ and s € R", we use xs to denote a length n vector with the i-th coordinate
(xs); is x; - s;. Similarly, we extend other scalar operations to vector coordinate-wise.
Given vectors z,s € R™, we use X and S to denote the diagonal matrix of those two vectors. We
use % to denote the diagonal matrix given (%)“ = x;/s;. Similarly, we extend other scalar opera-

tions to diagonal matrix diagonal-wise. Note that matrix /£ AT (AFAT)"1 A/ is an orthogonal
projection matrix.




e “— Convex body

Noo = {xs =1 t,for some t}
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STOCHASTICSTEP

CLASSICALSTEP
rs=1t

Figure 1: CLASSICALSTEP happens with n~2 probability

4 Stochastic Central Path Method

4.1 Proof Outline

The short step central path method is defined using the approximation (x + 0, );(s + ds)i ~ x;8; +
7;05,i + 80, ;. This approximate is only accurate if || X 16, [ = O(1) and [|S™16s||c = O(1). For
the 0, step, we have

1 1

X1, = —(1T— P)m

Noe S~ (T = )b, )

where we used z;s; ~ t for all 7.
If we know that [|0,]|2 < t, then the {5, norm can be bounded as follows:

_ _ 1 1
1X ™ 0alloo < IX T 0all2 S SIT = P)oull2 < <lI0,ll2 < 1

where we used that I — P is an orthogonal projection matrix. This is the reason why a standard
choice of §,,; is —t/+/n for all 7.
For the stochastic step, d,; ~ fﬁ% for roughly k coordinates. Therefore, the £ norm of ¢,

is very large (||SM||2 ~ t\/F). After the projection, we have [|[X16,[l2 ~ (I = P)syll2 ~ VT
Hence, we cannot bound || X ~18,||o0 by || X ~!6z]|2. To improve the bound, we use Chernoff bounds
to estimate || X 1, 0o-

Beside the ¢, norm bound, the proof sketch in (7) also requires using x;s; ~ t for all i. The
short step central path proof maintains an invariant that >°,(z;s; —t)* = O(¢?). However, since our
stochastic step has a stochastic noise with o norm as large as t\/% , one cannot hope to maintain
x;8; close to t in ¢5 norm. Instead, we follow an idea in [LS14, LSW15| and maintain the following
potential

gcosh <)\ (xfz — 1>> =noW

with A = ©(logn). Note that the potential bounded by n©M) implies that z;s; is a multiplicative
approximation of ¢. To bound the potential, consider r; = ** and ®(r) be the potential above.
Then, we have that

E[®(r"Y)] ~ @(r) + (VO(r), E[r"™ — r]) + L e

Sl

2
—7l%200):



Algorithm 1

1: procedure STOCHASTICSTEP(mp, «, S, 0, k, €) > Lemma 4.2,4.3,4.8
2: w < 7, U < mp.UPDATE(w) > Algorithm 3
3: T x\/%, 5 <+ s\/% > It guarantees that % =v and TS = xs
repeat _
5: Generate 9, such that > Compute a sparse direction
N gm . 0u,i/pi,  with prob. p; = min(1, k - (((5,2”/ Sy 5}2”) +1/n));
’ 0 else.
L > Compute an approximate step
> Find (dz, ds, dy) such that these three equations hold
X5, + 55, = 5,
Ady = 0,
ATS, + 6, = 0.
9: Py < mp.QUERY ( %EH) > Algorithm 3
10: by —2— > According to (8
~s @pu B g ( )
11: Op %% - \/%pﬂ > According to (9)
12: until [|5710,]/e0 < m and |77 10,]|oc < m

13: return (z + oy, s + 05)
14: end procedure

The first order term can be bounded efficiently because E[r"®" —r] is close to the short step central
path step. The second term is a variance term which scales like 1/k due to the k independent
coordinates. Therefore, the potential changed by 1/k ~ 1/y/n factor each step. Hence, we can
maintain it for roughly /n steps.

To make sure the potential ® is bounded during the whole algorithm, our step is the mixtures
of two steps of the form ¢,, ~ fﬁ — tﬁ. The first term is to decrease ¢t and the second term is
to decrease ®.

Since the algorithm is randomized, there is a tiny probability that ® is large. In that case, we
switch to a short step central path method. See Figure 1, Algorithm 1, and Algorithm 2. The first
part of the proof involves bounding every quantity listed in Table 1. In the second part, we are
using these quantities to bound the expectation of ®.

To decouple the proof in both parts, we will make the following assumption in first part. It will
be verified in the second part.

Assumption 4.1. Assume the following for the input of the procedure STOCHASTICSTEP (see
Algorithm 1):
o rs~gqt witht > 0.
mp.UPDATE(w) outputs v such that w =, U with €my, < 1/40000.
10,2 < €t with 0 < e < 1/(400001logn).
k > 1000ey/nlog® n/€pmp.



Algorithm 2 Our main algorithm

1: procedure MAIN(A, b, ¢, ) > Theorem 2.1
2 € ot Emp & vy, b ¢ 0 leetn,

3 A < 40logn, 6 + min(3, 1), a < min(a,2/3).

4 Modify the linear program and obtain an initial  and s according to Lemma A.6.

5: MAINTAINPROJECTION mp

6 mp.INITIALIZE(A, £, €p, @) > Algorithm 3
7 t+1 > Initialize ¢
8 while ¢ > §2/(2n) do > We stopped once the precision is good
9: eV «— (1 — 3\6/5)75

10: W4 xS

11: O (? —1)xs — § -tV % > @) is defined in Lemma 4.12
12: ("W, s"Y) <~ STOCHASTICSTEP(mp, , 5, ., k, €) > Algorithm 1
13: if @) (uV /¢t — 1) > n3 then > When potential function is large
14: (x"V, s"V) <= CLASSICALSTEP(z, s,t"%) > Lemma A.2, [Vai89b]
15: mp.INITIALIZE(A, i;‘%, €mp, @) > Restart the data structure
16: end if

17: (x,8) « (z"V, s"W), ¢ «— eV

18: end while

19: Return an approximate solution of the original linear program according to Lemma A.6.

20: end procedure

4.2 Bounding each quantity of stochastic step

First, we give an explicit formula for our step, which will be used in all subsequent calculations.

Lemma 4.2. The procedure STOCHASTICSTEP(mp, x, 5, 0., k, €) (see Algorithm 1) finds a solution
0z, 0s € R™ to (4) by the formula

~ X _ 1 ~

o XS( )XSu (8)

~ S _ 1 ~

5s:tpt5 9
VxS vxs" ®)

with

P Xam (aXaT) 4
Py Ear (aZar) X 0

Proof. For the first equation of (4), we multiply AS " on both sides,
AS X6, + Ab, = AS 0,

Since the second equation gives Agm =0, then we know that Ag—lygs _ Ag_lgu.
Multiplying AS "X on both sides of the third equation of (4), we have

A5 'XATS, = A5 'X5, = AS 'S,



Quantity Bound Place
| E[s™18][2, | Elx7 6] |2, [| Elw™t6,][l2 | O(e) Part 1, Lemma 4.3
I E[u_l(unew — = 0u)]|l2 O(€émp - €) | Part 1, Lemma 4.8

[E[p ' (1™ = w)][l2 O(e) Part 1, Lemma 4.8
Var(s; 105 ], Var[z; 10, ], Var(u; 10, | O(e?/k) Part 2, Lemma 4.3
Var[m LV 9)

@)

[[5™ " 0s loos |2~ 0 [l o ||:u_15u||oo 1/logn) | Part 3, Lemma 4.3
[t (1" — 1)l so O(1/logn) | Part 3, Lemma 4.8

(

(

(e*/

(€2/k) Part 2, Lemma 4.8
(

(

Table 1: The bound of each quantity under Assumption 4.1

Thus,

— (AST'XAT)1AS S,

AT(AS 'XAT) 14515,

5,5 ' XAT(AS ' XAT) AT TS,

by
0
0a

I
92

Recall we define P as (10), then we have

~ S | X X /X 1 < S - 1 <
5s:t' iAT AiAT -1 = —==0 :tptfs,
o AR S5 o TS <RV o<

and

which are matching (8) and (9). O

Using the explicitly formula, we are ready to bound all quantities we needed in the following
two subsubsections.

4.2.1 Bounding gs, gx and gu

Lemma 4.3. Under the Assumption 4.1, the two wvectors gx and gs found by STOCHASTICSTEP

satzsfy B N N R
1| B3] < 26| E[ H0a]ll2 < 2¢, || B[s™104]|l2 < 26, | E[z710]ll2 < 2¢, [ E[u10,]ll2 < 4e.
2. Var| gl’] < 25 , Var [ _ ] < %,Var[%ﬁi] < 25 , Var| “] < 25 , Var| ,“] < 85

3. Hg_lésuoo < 1?3&17 ||3_168”oo < 1?);]7217 HE_I‘S:I:HOO = 1%21“ Hx_l‘stoo = &giv ||/~L_15u”oo < 1%&21-

Remark 4.4. For notational simplicity, the E and Var in the proof are for the case without re-
sampling (Line 12). Since the all the additional terms due to resampling are polynomially bounded
and since we can set failure probability to an arbitrarily small inverse polynomial (see Claim 4.7),
the proof does not change and the result remains the same.

Proof.



Claim 4.5 (Part 1, bounding the ¢ norm of expectation).
B3]z < 26, | B[z '0,]ll2 < 26, [| Els™'6,][l2 < 26, [| Elz™ 0.l < 26, [| Bl "8 l2 < 4e.

Proof. For ||5710,]|s0, we consider the i-th coordinate of the vector

n

Then, we have

e 1 — E[0,,] 1 _ 5
E [E. 15 } _ p. 2Ol _ P K]
Lot TS ; " VI3 TS ]Z:; " VZi5j

Since xs ~p1 t and [|6,] < et, we have H%”Q < 1;}?. Since P is an orthogonal projection

matrix, we have HF%HQ < H%Hg Putting all the above facts and xs = Ts, we can show

2 2
~ 2 = 1 = b, 1 5,
HE[?lés] = — P, j—EL = — P —EL
2 Z; VEiSi ; Tj5) Z; Tisi ; VT
n n 2
1 — 0y 1 — 4
< — P;j—EL = —|[P—E|3
0.9t — ; T8, 0.9t /TS
1,96 1.1)2  (et)?
< ” 13 H%S( ) (6) _1.462
0.9t Vx5 0.9t t
which implies that
HE[@*SS] | < L2 (11)

Notice that the proof for x is identical to the proof for s because (I — P) is also a projection matrix.
Since 5 ~.1 s and T ~.1 x, then we can also prove the next two inequalities in the Claim statement.
Now, we are ready to bound || E[u=18,]|2

1Bl 52 = | B2 (@3 +56,)]ll2 < | E[s~'0] + || ElE 6]z < 4e.

by using 1 = xs = 7 and Td, + 50, = gﬂ from (4). O
Claim 4.6 (Part 2, bounding the variance per coordinate).

4~ 2¢2 o~ 2¢2 o~ 2¢2 o~ 262 o~ 8¢2
Var|s; 165,i] < ?7Var[9:i 15x7i] < ?,Var[si 165,i] < ?7Var[9:i 15x7i] < ?,Var[,ui 16,”] <

Proof. For ||s710|s0, we consider the i-th coordinate of the vector

n
8—15 o 1 } :p ) 5M,j
iUSt T e v =
\/T;iS; = \/Z;8;

10



For variance of 32-_15572~, we have

n 52

1 ~
Var|s; ~15, il == —b Var[&l”] by all §,, ; are independent
TS =] T
n 2
1 P, 1 0y by (3)
TS = T;5; k 6;2/,,]' 1

Seoe2, T

IN

Ly~ Py z
T;5; = z;5; k ol

—2 1 136 o
TORI R by 35—

| /\

where we used that 377, F?,j =P;; <1, ||du]|2 < et at the end.

The proof for the other three inequalities in the Claim statement are identical to this one. We
omit here. N

For the variance of 1; '6,,.;,

Var[:u’i_lguyi] - Var[ (33155 i+ 315x z)]
< 2Var(z, 11:1 53 4] +2Var[s; 15“]
= 2 Varl[s; 5S,Z-] +2Var[z; 15;2,1-] < 862/k:.

where the first step follows by definition of 4 = 25 = 75 and (4), the second step follows by triangle
inequality and, the last step follows by Var[s; !0 ], Var[z; 15| < 2¢2/k O

Claim 4.7 (Part 3, bounding the probability of success). Without resampling, the following holds

with probability 1 — 2n exp(—e\%]?ggn)'
5, 201 J, 0.02 5 0.01 0.02 0.02
J S o 0 < — ) < = s 5
75 < 0L e € 2 Gl € o [ e S o i e €

With resampling, it always holds.

Proof. We can write E;lgsﬂ- fE[§;1557i] => i Y; where Y are independent random variables defined
by

1 Op,j L = Oy
\/avzsz \/xjsj \/Tisl \/x]sj

We bound the sum using Bernstein inequality. Note that Y; are mean 0 and that Claim 4.6 shows

Yj=

11



that 3%, E[YJQ] = Var[?i_lg&i] < % We also need to give an upper bound for Y;

1 — (b, — 064,
Vil = D, | Qi —Omi
1.2 ~ >
< T\ém — 8,51 by [P ;] < 1,zisi 110t
1.2 =
< —105/p4] by 6,5 € [0, 0,.,5/pj]
121 1
R ——— S
>t 52,1 0,1
0.6 1 - 2
. 2 2 2
< D0y by [0l < et

Now, we can apply Bernstein inequality

- b2 /2
Pr Y| >b| <2exp | —=5
2. ( Y BT+ Mb/3>

j=1
b2/2
S2€Xp<_2@/k+(06qﬂﬁk)443)'

We choose b = ?(')%0;;’ and use € < m and n > 10 to get
n
0.05 0.003k
Pr ZY] > — §2exp(—>.
= logn eyv/nlogn

Since || E[E;lgsyi]ﬂg < 2¢ < %905 e have that |§;1g&i! < Q0L with probability 1—2 exp(— %293k

logn logn

Taking a union bound, we have that ||5728,/|ec < lg'goi
ilarly, this holds for the other 3 terms.
Now, the last term follows by

17 11, _~ T~ 1 0.02
|1z 15%2“ = |7, 152‘ l(xi(ss,i + 3i6,0)| = |3; 155,2‘\ +[7; 15:671“ < logn’

)

4.2.2 Bounding p"vV —
Lemma 4.8. Under the Assumption 4.1, the vector uv o (x; + gg”)(sZ + gsz) satisfies

1 B[ (™ = o= 8]z < 106y - and | B[ (a2 — )]l < 5e.
2. Var[u; '12ev] < 50€%/k for all i.

3 ™M (™ = ) lloo < Top-

12

with probability 1 — 2n exp(— 6\(]/‘50(1](‘;)’;”

ev/nlogn
). Sim-

).



Claim 4.9 (Part 1 of Lemma 4.8).
VG 0 — i = 3,2 < 106y - €, and || B~ (4™ — )]z < 5e.

Proof.

eW (0 1§ V(5 -+ 0g) = f1 + 205 + 805 + 0p0s = ft + T + 50y + (2 — T)0s + (8 — 5)0p + 0405 .
I (T4 0z)(s +0s) = p+ 25 + 5 o+ Tds + 50, + (. — T)ds + (s — 3)

3, 3.

Taking the expectation on both sides, we have

E[1" — p— 6, = (z — T) E[0s] + (5 — 5) E[0,] + E[0,0).
Hence, we have that

Bl — = 3]l
< Mz —)s - sTER 2+ a7 (s = ) a7 Bl5] 2 + 1 El6.04] 2
™ (@ = T)sloo - 15 Blolll2 + 17 (s = H)alloc - |2~ ElL]ll2 + 1" B[026] 2
< emp - s B ll2 + emp - 2 B[] [l2 + [l B[54 |2
< demp - €+ || B[00, (12)

VANV

where the first step follows by triangle inequality, the second step follows by ||abl|2 < ||a||so-]|b]|2, the
third step follows by ||~ (z — Z)s||ec < €mp and || (s — 5)z||oc < €mp (since T =, =, 5 ~e,,, ),
the last step follows by || E[s~1d,]|2 < 2¢ and || E[ar_ngI]Hg < 2¢ (Part 1 of Lemma 4.3).

To bound the last term, using E[ds] = 5 and E[d,] = ,, we note that

E[gx,igs,i] — 61,1'65,1' + E[(g:p,z - 530,1')(63,1' - 5s,i)]'

Hence, we have

1/2
~ ~ ~ ~ 2
i BBl < 60,2 + ( (B |27 Gos = 6e) 57 (Bus = 82)]) )

n

=1

1/2
1 (< ~ = \?
< 4e? + 3 <Z (Var[x;léx,i] + Var[8{15s,¢]> >

=1
1/2
2 1 g —-173 2 175 2 /
<det+ o > 2(Var(z;'6,,])% + 2(Var(s; ' 6,])
=1

< 4e? +2¢/n - et [k < 4% + 2¢ - €y < B - (13)

where the second step follows by [|u=160s|l2 < [[x7 10,2 - [|[s71ds]|2 < 4€% (Part 1 of Lemma 4.3)
and 2ab < a? 4 b%, the third step follows by (a + b)2 < 2a? + 2b%, the fourth step follows by

Var[a:i_lgmvi] < 2¢%/k and Var[s; 'ds;] < 2¢?/k (Part 2 of Lemma 4.3), the last step follows by

(2

Combining (12) and (13), we have that

i B = = 0] l2 < demp - € + [l El0,04] 2 < 10eimy -

13



where we used € < €.

From Part 1 of Lemma 4.3, we know that ||zt E[SM] |2 < 4e. Thus using triangle inequality, we
know

I B — u))|l2 < 1065, - € + 4e < 5e.

Claim 4.10 (Part 2 of Lemma 4.8). Var[u; ' p?*V] < 50€2/k for all i.
Proof. Recall that

Y = 4 0, + (& — E)Os + (5 — 5)0p + 0,0

We can upper bound the variance of ui_l iV,

Var[u;lu?ew] <4 Var[u;lguyi] +4 Var[ul-_l(xi — fl)gm] +4 Var[ui_l(si — EZ)gM} +4 Var[,ui_lgmgs,i]

2 2 2 o
<32—+4—+4— - O s
<3 - + ’ + - + Var(u; 65,05,
€2 ~ ~
= 40—+ Var(z; 10, - 57 '0s]
€2 ~ ~ ~ ~
< 40? +2Sup|(z; 10,:)% - Var[s; 105,] + 2 Sup|(y; 16,.:)%] - Var[z; 10,,]
e 0.02.,, € 0.02 , € e
<40— +2-(—) —+2- 2.2 <50—.
- Ok + (10gn) k * (1ogn) k _5014:

where the second step follows by Var[,u;lguyi] < 8¢2/k (Part 2 of Lemma 4.3),
Var(u; ' (z; — Ti)0s,] = Var[z; ' (z; — T;)s; 1054] < 22, Var[s; 19, < €2 /k.

and a similar inequality Var[u; ' (s; — 51)5“] < €2/k, the third step follows by p = xs, the fourth
step follows by Var[zy] < 2Sup[z?] Var[y] + 2 Sup[y?] Var[z] (Lemma A.1) with Sup denoting

the deterministic maximum of the random variable, the fifth step follows by Var[s; 1ds;] < 2¢2/k

and Var[:n;lgxyi] < 2¢2/k (Part 2 of Lemma 4.3). O

Claim 4.11 (Part 3 of Lemma 4.8). ||z~ 1 (1™ — p1)]|oo < LY21

logn *

Proof. We again note that

Mnew = + SM + (g; — E)SS —+ (S — g)gx + (Sm(ss

Hence, we have

new

—1
i (5 = i — Opi)|
< (@ = T)iptg sl + (5 = F)isti Ol + 17 0 0]
+ (s = 5)isi | oy O] + oy oual - 57 05
emp‘si_l(ss,i’ + emp’mi_léﬂc,i‘ + ‘Sflds,iHmz’_ldw,i‘
0.2 n 0.02 0.02 )2 < 1
6 - —_— 6 . y
" logn " logn logn” — 1000logn

o fs o

[(z —T)iz;

N

IN

14



where the first step follows by triangle inequality, the second step follows by u; = z;s;, the third
step follows by = ~,,, 7 and s =, 5, the fifth step follows by |s; 05,4 < lg'goi and |z; 10, ] < lg'gi
(Part 3 of Lemma 4.3). B

Since we know that [; 10,] < 1%;931 (Part 3 of Lemma 4.3), we have

1 0.02 _ 0.021
| < + < :
10001logn  logn — logn

new

g (™ — )

4.3 Stochastic central path

Now, we are ready to prove x;s; g1 t during the whole algorithm. As explained in the proof
outline (see Section 4.1), we will prove this bound by analyzing the potential ®,(u/t — 1) where
Py(r) =" cosh(Ary).

First, we give some basic properties of ®).

Lemma 4.12 (Basic properties of potential function). Let ®5(r) = Y ;" cosh(Ar;) for some A > 0.
For any vector r € R™,
1. For any vector ||v]|eo < 1/X, we have that

OA(r +v) < BA(r) + (VOA(r),v) + 2[v]|]2g,, -

2. [Vex(r)ll2 2 J5(@a(r) — ).

3. (X0, A2 cosh?(Ar)) % < Ay + [V @A(r) o

Proof. For each i € [n], we use r; to denote the i-th coordinate of vector r.

Proof of Part 1. Since [|vo < 55, we have that

AQ
cosh(A(r; + v;)) = cosh(Ar;) + Asinh(Ar;)v; + 5 cosh(¢;)v2,

where (; is between Ar; and \(r; + v;). By definition of cosh, we have that

cosh(¢;) = %exp(@) " %exp(—g}) < exp(1) - %(exp(/\m) +exp(—Ar)) < Bcosh(Ary).

Hence, we have
cosh(A(r; 4+ v;)) < cosh(\ry) 4+ Asinh(Ar;)v; + 2A% cosh(Ar;)v?.

Summing over all the coordinates gives

Z cosh(A(r; +v;)) < Z [cosh(Ar;) + 2A sinh(Ar;)v; + A% cosh(Ar; )v?]
i=1 i=1
— BA(r+v) < Ox(r) + (VOA(r), v) + 2/[v][Z2g, (-
Proof of Part 2. Since ®)(r) = >""" | cosh(Ar;), then

V,(r) = [Asinh(Ary)  Asinh(Arg) -+ Asinh(Ar,)] .

15



Thus, we can lower bound |[V®,(r)||2 in the following way,

n 1/2
V@A (r)||2 = (Z A2 sinhz(m))

i=1
n 1/2
= Z A% (cosh?(\r;) — 1)) by cosh?(y) — sinh?(y) = 1,Vy
i=1
> A3 feosh20) 1 by ||+ fl2 = —=I|- |
> —= i) — 22 —=ll-1h
A n
> — cosh(Ar;) — 1 by cosh(Ar;) > 1
\/ﬁ;( (Ari) —1) (Ari)
_ 2 (@y(r) —n) by def of &(r)

Proof of Part 3.

n 1/2 n 1/2
(Z A2 cosh2()\ri)> = (Z A2 A2 sinhZ(/\ri)> by cosh?(y) — sinh?(y) = 1, Vy

=1 i=1

n 1/2

< (A2 4 (Z A2 sinhQ(/\ri)>
i=1

= A/n+ ||[VO,(r)]2.

O
The following lemma shows that the potential ® is decreasing in expectation when @ is large.

Lemma 4.13. Under the Assumption 4.1, we have

Bfor (5 1) <o (£ 1) - 2 (o (5 -1) o).

Proof. Let SM =u"v — - SH. From the definition, we have

[PV e =y glt + SM _ gmew

which implies

mow —1= ew T fmew (‘5# + 5#) -1
Do+ e Bt 3) =1
%-F %(tniw -1)+ tnew(gu+gu) —1
- % S %(tnew -1 tniw (Ou -+ 00) (14)

16



To apply Lemma 4.12 with r = p/t — 1 and r + v = p"V/t"V — 1, we first compute the
expectation of v

Bl = 2 (s — 1)+ o (B + B
Ay )
p, t 1 tnew € new VE®r(1/t—1) ~
=m0+ g (O 00 5™ =) + 20
_ o Yol ] E[5,] (15)

2| VOx(p/t =1)lla  trev

where the third step follows by definition of 4,,.
Next, we bound the ||v||~ as follows

e p e = )lloo
L~ Vn 0.9

1
|rv||oo<H<nw— H .
£\ ne .

<€ n 0.021 <1
—vn  09logn — A\

where we used Part 3 of Lemma 4.8 and € < m.

Since [|v|loo < %, we can apply Part 1 of Lemma 4.12 and get

E[®)(p/t + v —1)]
< Qp(p/t = 1) +(VOx(p/t — 1), E[v]) + 2|| E[v]|[2q, (u/e40-1)

€ PN
= D/t = 1) = S VAG1/t = Dll2 + e (VA (/t = 1) Bl5,0) + 2 B, e

€ _
< @x(u/t = 1) = SITAG/E = Dl + o IVBAG1/t = Vs | Bl Gl + 20 Ble] s 1y

€
< Oa(p/t = 1) = SIIVex(/t = D2 + 106my - el VOA(/t = )2 + 2E[|[v][32a, (1))

tl’leW

where the second step follows by substituting E[v] by (15), the third step follows by (a,b) <
lall2 - [|b]l2, the fourth step follows by || E[t™10,]|l2 < 106y, - € (from Part 1 of Lemma 4.8 and
B0 t).

We still need to bound E[HUHV% H/til)]. Before bounding it, we first bound E[v?],

(i) ]orn] )

€ /n+2.5E [((1 — 1)/ 1:)?]

= € /n+ 2.5 Var[(™ — pi) /p] + 2.5(B[(17 — i) /i)

€ /n +125¢* [k + 2.5(B[(1™ — pi)/pi])?

126€% /k + 3(E[(1i" — pi)/pi))? (16)

+2E

E[v}] < 2E

| /\

<
<

where the first step follows by definition of v (see (14)), the second step follows by u ~g1 t and
(t/t"Y — 1)2 < €2/(4n), the third step follows by E[z?] = Var[z] + (E[z])?, the fourth step follows
by Part 2 of Lemma 4.8, and the last step follows by n > k.

17



Now, we are ready to bound E[H”HQWQ(#/I&A)]

E[||UH2V2<I>A(/L/t—1)]

— )2 Z E[®)(u/t — 1);v7]
i—1

< N3 @/t — 1) - (12662 /k + BB — i) /1i))?)
=1
2.2
= 126% (/i — 1) 30 B/t — 1) (B — )]’
=1

1/2
AQ 2 — new
1267<I>,\(u/t — 1) +3) <§ A2 (p/t — 1); ) N ERT (e = w3

IN

2 2
< 1267 S (/1 — 1) 83X (Wi + [Vt 1)) - (3¢,

where the first step follows by defining ®)(x); = cosh(Ax;), the second step follows from (16), the
fourth step follows from Cauchy-Schwarz inequality, the fifth step follows from Part 3 of Lemma 4.12
and the fact that || Elu~ (4" — 3 < | B[~ (4" — )]J < (5¢)? (Lemma 4.8).

Then,

E[®(u/t +v—1)]

< Oa(pft = 1) = (5 = 0emy €)||V‘I),\(N/t—1)‘\2—#252)\7(%(#/75—1)

+ 150A2€%/n + 150 || P (11/t — 1) |2
)\2 2
< Pa(p/t—1) - fllvqu(u/t— D2 +2527<1>A<u/t — 1) + 150\°¢*y/n

)\2 2
< @A/t = 1)~ 5 f@w/t —1) = n) + 2525 =@y (/t — 1) + 150NV
<o t—1 LoiJ t—1)/5—2
< B/t = 1) = =@/t = 1)/5 = 20),
where the second step follows from 1000Ae < 1 and 1000¢,,, < 1, the third step follows from Part
2 of Lemma 4.12, and the last step follows from 1000\é,, < logn and k > Vnelogn, O

€mp

As a corollary, we have the following:

Lemma 4.14. During the MAIN algorithm, Assumption 4.1 is always satisfied. Furthermore, the
CLASSICALSTEP happens with probability O(n%) each step.

Proof. The second and the fourth assumptions simply follow from the choice of €, and k.
Let ®*) be the potential at the k-th iteration of the MAIN. The CLASSICALSTEP ensures that
®K*) < n3 at the end of each iteration. By the definition of ® and the choice of X in MAIN, we have

that 5
Hﬁ - 1H < @7 4,
t A
This proves the first assumption xs =2y 1 t with ¢ > 0.

18



For the third assumption, we note that

new d -1
ol = | (E5 1) s e Sl

rs — <

2 IVO(p/t = 1)l2

Jasllz + 5t

2
new

< —1

-1.1y/nt + 1.01 - ft < et,
<3 \F vt + €
where we used zs /1 t and the formula of t"*V. Hence, we proved all assumptions in Assump-
tion 4.1.

Now, we bound the probability that CLASSICALSTEP happens. In the beginning of the MAIN,
Lemma A.6 is used to modify the linear program with parameter min(%, %) Hence, the initial
point ¥ and s satisfies zs ~ /) 1. Therefore we have ®(©) < 10n. Lemma 4.13 shows E[®(#+1)] <
( 15f) E[®®)]4+ A 15f [@(*)] < 10n for all k. Since the potential

is positive, Markov 1nequahty shows that for any k, d*) > p3 with probability at most O(W) O

4.4 Analysis of cost per iteration

To apply the data structure for projection maintenance (Theorem 5.1), we need to first prove the
input vector w does not change too much for each step.

n
xew

Lemma 4.15. Let 2™V = x + Sz and s"V = s+ gs. Let w =7 and w"V = Gew. Then we have
new __ .. 2 2 WiV _ s
() < 100062, | ————| < 0.1.
wy w;

Wi 1wt by 1 a oy,

2

n new

> (Bl z(

=1

Proof. From the definition, we know that

. -1 -1
Wi 8; X 8; + 0s 1+s; 0s,

Part 1. For each ¢ € [n], we have

W -15
E[w?e } - E 1+ lix’i 1
w; 1+s; 0s.i
— E Jf;lgx’i — Sglgsyi
1+ s[lds,i

< 2 E[x;lgxz — si_lgsﬂ-] by |si_1557i\ < 0.2, part 3 of Lemma 4.3

< 2 E[:E;lgmﬂ + 2] E[s;lgsyi] |. by triangle inequality
Thus, summing over all the coordinates gives

n new _

> (e

=1

) 28 2 100])” + 8(Els; 0,,4])° < 64’

where the first step follows by triangle inequality, the last step follows by || E[s 18] (|2, || E[z 16,12 <
4¢? (Part 1 of Lemma 4.3).
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Part 2. For each i € [n], we have

_ ~ N2
<w§ew B 1>2 _E xi_15m,z‘ —185155,1'
W; 1+s; 0s,i

2B[(2; 00 — 57 10:4)°]
[
[

E

N

< 2B[2(z; 024)? + 2(s; 1 0s,)°)
= 4E[(x —15“) | +4E[(s; 15 o)
— 4 Var[z; 10,] + 4(Elz;16,.4])% + 4 Var[s; 16, + 4(E[s; 10,,4])?
<1662 /k + 4(Elz;0,])% + 4(E[s; 105,4])?,
where the last step follows by Var[x;lgz7i], Var[siflgs’i} < 2¢%/k (Part 2 of Lemma 4.3).
Thus summing over all the coordinates

w; v 512ne _1 o
po <E ( w; _1> D ST 642( 8ad)* + (Bls; 0s,)) )

512net
<
= k2
where the last step follows by || E[silgs]H%, I E[:nflgx]H% < 4€? and k > /ne.
Part 3. For each i € [n]

+ 2048¢* < 100062,

—17 )
Lﬁ'lixvl_l S‘Hm_l‘<0_1‘
145 0,0 1-0.02

where the second step follows by \x;lgm| < 0.02 and |8;153,i| < 0.02 (Part 3 of Lemma 4.3). O

Now, we analyze the cost per iteration in procedure MAIN. This is a direct application of our
projection maintenance result.

Lemma 4.16. For e > each iteration of MAIN (Algorithm 2) takes

\/ﬁ?

n1+a+0(1) +e- (nw71/2+0(1) + n2fa/2+o(1))

expected time per iteration in amortized.

Proof. Lemma 4.14 shows that CLASSICALSTEP happens with only O(1/ ILQ) probability each step.
Since the cost of each step only takes O(n?®), the expected cost is only O(n"?).

Lemma 4.15 shows that the conditions in Theorem 5.1 holds with the parameter C; = O(e), Cy =
O(€), emp = O(1).

In the procedure STOCHASTICSTEP, Theorem 5.1 shows that the amortized time per iteration
is mainly dominated by two steps:

1. mp.UPDATE(w): O(e- (n“_1/~2+0(1) 4 n2ma/2+o(1)))

2. mp.QUERY(ﬁdu): O(n - ||6,]|o + ntFate)),

Combining both running time and using E[||gu||0] = O(1 + k) = O(ey/nlog®n) (according to
the probability of success in Claim 4.7 and matching Assumption 4.1), we have the result.
O
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4.5 Main result

Proof of Theorem 2.1. In the beginning of the MAIN algorithm, Lemma A.6 is called to modify the
linear program. Then, we run the stochastic central path method on this modified linear program.

When the algorithm stops, we obtain a vector  and s such that xs =y 1 t with ¢ < %. Hence,
the duality gap is bounded by ), x;s; < 62. Lemma A.6 shows how to obtain an approximate
solution of the original linear program with the guarantee needed using the x and s we just found.
€

5om factor each iteration, it takes O(@ -log(%)) iterations in total.
In Lemma 4.16, we proved that each iteration takes

Since t is decreased by 1 —

n1+a+o(1) +e- (nw71/2+o(1) + ana/2+o(1)).

and hence the total runtime is

1.54+a+o(1) n
O (n2-5—a/2+o(1) w—1/240(1) , T Jog( ).
(n n P s

Since € = (=), the total runtime is

logn

O<n2.5—a/2+0(1) + pe1/240(1) 4 n1.5+a+o(1)> .10g(%).

Finally, we note that the optimal choice of a is min(%7 «), which gives the promised runtime. O

Using the same proof, but different choice of the parameters, we can analyze the ultra short step
stochastic central path method, where each step involves sampling only polylogarithmic coordinates.
As we mentioned before, the runtime is still around n®.

Corollary 4.17. Under the same assumption as Theorem 2.1, if we choose ¢ = O(1/y/n) and
a = min(3, @), the expected time of MAIN (Algorithm 2) is

(nw—i-o(l) 4 p25-a/2to(1) | n2+1/3+o(1)> -log(%).
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5 Projection Maintenance

The goal of this section is to prove the following theorem:

Theorem 5.1 (Projection maintenance). Given a full rank matriz A € R¥>™ with n > d and a
tolerance parameter 0 < €p, < 1/4. Given any positive number a such that a < o where o is the
duel exponent of matriz multiplication. There is a deterministic data structure (Algorithm 3) that
approximately maintains the projection matrices

VIWAT(AWAT) AV

for positive diagonal matrices W through the following two operations:
1. UPDATE(w): Output a vector v such that for all i,

(1 - Emp)gi <w; < (1 + Emp){;i-

2. QUERY(h): Output ﬁAT(AVAT)_lAﬁh for the v outputted by the last call to UPDATE.
The data structure takes n?d“=2 time to initialize and each call of QUERY(h) takes time

n- |[hllo +n'tetoth).

Furthermore, if the initial vector w®) and the (random) update sequence wD oo w) e R™ satis-
fies
n E[w(k+1)] w® 2 n WD (k) 21\ ? WD k) 1
\ —w 5 | —w 5 |w; —w
Z( G ) <Ly (B < GH ) SO T | <1
i=1 w; i=1 w; w;
with the expectation is conditional on wgk) forallk=0,1,--- ;T —1. Then, the amortized expected

time per call of UPDATE(w) is
(Cl/€mp + 02/6371;0) . (nw71/2+0(1) + n27a/2+o(1)).

Remark 5.2. For our linear program algorithm, we have C1 = O(1/logn), Co = O(1/logn) and
€mp = O(1). See Lemma 4.15.

5.1 Proof outline

For intuition, we consider the case C1 = ©(1), Cy = ©(1), and €,,, = O(1) in this explanation. The
correctness of the data structure directly follows from Woodbury matrix identity. The amortized
time analysis is based on a potential function that measures the distance of the approximate vector
v and the target vector w. We will show that

e The cost to update the projection M is proportional to the decrease of the potential.

e Each call to query increase the potential by a fixed amount.
Combining both together gives the amortized runtime bound of our data structure.

Now, we explain the definition of the potential. Consider the k-th round of the algorithm. For all

(k) _ w® (k)

i € [n], we define z;"" = —7 — 1. Note that ]xgk)| measures the relative distance between w,”™ and
Vs

41f the input is deterministic, so is the output and the runtime.
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Algorithm 3 Projection Maintenance Data Structure

e el e e e
© 0Ny PO

20:
21:
22:
23:
24:
25:
26:
27:

28:

29:
30:
31:
32:
33:
34:
35:
36:
37:

38:

39:
40:
41:
42:

43:
44:

45:
46:
47:

datastructure MAINTAINPROJECTION

members
w e R™
v,v € R”
A € Réxn
M e R*x™
€mp € (0,1/4)
a € (0, ]
end members

: procedure INITIALIZE(A, w, €, @)

W 4= W, V4= W, €mp < Emp, A A, a4 a
M+ AT(AVAT)"1A

: end procedure

procedure UPDATE(w"")
y;  wiV v, — 1, Vi € [n]
r +— the number of indices ¢ such that |y;| > €pp.
if » <n® then
/UneW % v
MHCW <_ M
else

> Theorem 5.1

> Target vector
> Approximate vector
> Approximate Projection Matrix

> Tolerance
> Batch Size for Update (n®)

> Lemma 5.3

> Lemma 5.4

Let 7 : [n] — [n] be a sorting permutation such that [y, > |Yr(it1)]

while 1.5-7 < n and |y,1.5,)| > (1 — 1/logn)|yx)| do

r < min([1.5-r],n)

end while
new .
o wy i€ {1,2,---,r}

UT((i) ie{r+1a"'vn}

> Compute M™V = AT (AV"*VAT)~1 A via Matrix Woodbury

A « diag(v™®Y — v)

Let S « m([r]) be the first r indices in the permutation.
Let Mg € R™ " be the r columns from S of M.

> A eR"™™and ||[Allp =7

Let Mg g,Ag,s € R™" be the r rows and columns from S of M and A.

M™Y « M — Mg - (Agls + Mss)™ - (Ms)T
end if
w — wV, v vV, M +— MV
5o Jui if (1= €mp)vi S w; < (1+ €mp)vs
! w; otherwise
return v
end procedure

procedure QUERY (h)

> Lemma 5.5

Let S be the indices i such that (1 — €p)v; < w; < (14 €mp)v; is false.
return V'V - (M - (VV - h)) = VV - (Mg - (A5% + Mg )~ - (MIV V)

end procedure

end datastructure
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(%)

vgk). Our algorithm fixes the indices with largest error x;”’. To capture the fact that updating in a

larger batch is more efficient, we define the potential as a weighted combination of the error where
(k) (k)

we put more weight to higher z;”’. Formally, we sort the coordinates of ) such that \:L‘Ek)] > |z

and define the potential by
. k
Op =Y gi- ().
i=1

where g; are positive decreasing numbers to be chosen and 1) is a symmetric (¢(x) = ¥(—=x)) positive
function that increases on both sides. For intuition, one can think ¢ (z) behaves roughly like |x|.

Each iteration we update the projection matrix such that the error of |z1],--- ,|x,| drops from
roughly €,,, to 0. This decreases the potential of 1[J(x§k)) by Q(€mp) from ¢ = 1,--- ,r. Therefore,
the whole potential decreases by Q(emp Y ;1 9i). To make the term )., g; proportional to the
time to update a rank r part of the projection matrix, we set

n-e, if i <n%
g9i = w=2_4 _a(w=2) (17)

i1-a "n~ 1-a _  otherwise.

where w is the exponent of matrix multiplication and a is any positive number less than or
equals to the dual exponent of matrix multiplication. Lemma A.4 shows that ¢ is indeed non-
increasing and Lemma 5.4 shows that the update time of data-structure is indeed O(rg,n**°(1)) =
O, gin®>T°M) for any r > n®.

Each call to QUERY, the expectation of the vector 2(*¥) moves roughly in an unit 5 ball. There-
fore, the changes of the potential is roughly upper bounded (Y , gf)l/ 2 ~ n¥=5/2. Since it takes
us n21t°() time to decrease the potential by roughly 1 in the update step, the total time is roughly
nw—1/2.

For the case of stochastic central path, we note that the variance of the vector x is quite small.
By choosing a smooth potential function v (see (18)), we can essentially give the same result as if
there is no variance.

k)

5.2 Proof of Theorem 5.1
Now, we give the proof of Theorem 5.1. We will defer some simple calculations into later sections.

Proof of Theorem 5.1.
Proof of Correctness. The definition of v in Line 38 ensures that (1—€p,,)v; < w; < (14€mp)0;.
Using the Matrix Woodbury formula, one can verify that the update rule in Line 35 correctly
maintains M = AT(AVAT)71A. See the deviation of the formula in Lemma 5.3. By the same

reasoning, the Line 44 outputs the vector ﬁ AT(A?AT)AA\F? h. This completes the proof of
correctness.
Definition of x and y. Consider the k-th round of the algorithm. For all i € [n], we define

xgk), xEkH) and yz-(k) as follows:
o wzgk:) e w§k+1) e wl(k+1) .
i RORE L i LB D)

i [ [

(k)

)

Note that the difference between xgk) and yi(k) is that w is changing. The difference between y
and xEkH) is that v is changing. For simplicity, we define 3; = (E[wEkH)] - wgk)) / wgk), then one of

assumption becomes >, 82 < C.
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Assume sorting. Assume the coordinates of vector z(®) € R™ are sorted such that |l‘l(k)| >
\x(k) |. Let 7 and 7 are tati h that [2%Y) > |p5HD d |y | > |yt
il permutations such tha ]wT(i) | > \xT(H1)| an ]yw(i)\ > ]yﬂ(iﬂ)].

Definition of Potential function. Let g be defined in (17). Let ¢ : R — R be defined by

||

el el €0l
(x) = €mp — % %] € (emp, 2€mp] (18)
Emp |z| € (2€mp, +00)

We define the potential at the k-th round by
g k
Py = Zgi : ¢($(Tk)(z))
i=1

where 71 (7) is the permutation such that M > xgz)(iﬂ).

) . 7 ()
Bounding the potential.
We can express @1 — @y as follows:

P == - (el —v(el)

= z;gi . (1#(%(:2)) - 7/)(%@))) - Z;gi : (1/)(3/7(:2)) - w(:c(:zj)l))) (19)

w move vV move

Now, using Lemma 5.6 and 5.9, and the fact that &9 = 0 and &7 > 0, with (19), we get

T-1
0< Bp—Pg = (Ppy1 — Pp)
k=0
T-1
< (O(C’l + Ca/emp) - /1ogn - (n=2 4 n=5/2) — Qemprrgr, / 1og n))
k=0
T
=T -O(Cy + Cy/emyp) - Vlogn - (n~Y? 4 n»=5/2) — Z Qemprigr,,/ logn)

k=1

where the third step follows by Lemma 5.6 and Lemma 5.9 and 7y, is the number of coordinates we
update during that iteration.
Therefore, we get,

T
Zrkgrk =0 (T (Cr/emp + 02/63117) log®?n - (n¥0/% 4 n_“/2)> _
k=1

Proof of running time. See the Section 5.3. O

5.3 Initialization time, update time, query time

To formalize the amortized runtime proof, we first analyze the initialization time (Lemma 5.3), up-
date time (Lemma 5.4), and query time (Lemma 5.5) of our projection maintenance data-structure.
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Lemma 5.3 (Initialization time). The initialization time of data-structure MAINTAINPROJECTION
(Algorithm 3) is O(n?d*~2).

Proof. Given matrix A € R¥" and diagonal matrix V' € R™ ™, computing AT(AVAT)"1A takes
O(n?dv=2). O

Lemma 5.4 (Update time). The update time of data-structure MAINTAINPROJECTION (Algo-
rithm 3) is O(rg,n>t°M)) where 1 is the number of indices we updated in v.

Proof. Let Ag € R be the r columns from S of A. From k-th query to (k + 1)-th query, we have

AT(AV(kH)AT)AA
= AT(AWVH® £ A) AT 1A
= AT ((Av(’ﬂAT)*1 — (AVPAT) T Ag(AG + Ag(Ava)AT)*lAS)*1Ag(Av<k>AT)*1) A
= AT(AVP AT TA - AT AVEAT) T Ag(AGG + AF(AVIMAT) T Ag) 1AL AV AT) 1A

E) A — k) — k
= MW - M (AGS + M) T (M)
where the second step follows by Matrix Woodbury Identity and the last step follows by definition
of M*) ¢ R™x™,
Thus the update rule of matrix M*+1) € R"™*" can be written as

MO = M ® MO (AGE + (D) 55) (M),

The updates in round k can be splitted into four parts:
1. Adding two r x r matrices takes O(r?) time.
2. Computing the inverse of an 7 x r matrix takes O(r**+°(1)) time.
3. Computing the matrix multiplication of a n x 7 and r x n matrix takes O(rg, - n?+°()) time
where we used that » > n® (Lemma 2.4).
4. Adding two n x n matrices together takes O(n?) time.
Hence, the total cost is

O(r? + r* W) g . n2To0) 4 n?) = O(r? + 19+ 4 pg,. - 02Ty = O(rg, - n?+oM).
where the first step follows by rg, > 1 for all » > n® and the last step follows by the calculations. [

Lemma 5.5 (Query time). The query time of data-structure MAINTAINPROJECTION (Algorithm 3)
is O(n - ||h|o + n'tate®),

Proof. Let~£ satisfies V = V + A. Let S C [n] denote the support of A and then |S| < n%. Let
7 denote |S|. We abuse the notation here, A denotes both n x n diagonal matrix and a length n
vector.

Using Matrix Woodbury Identity and definition of M, a same proof as Update time (Lemma 5.4)
shows

~ ~ 1
T Ty\— -1 T
AT(AVAT) A= M + Mg (Agh + Mg5) ML,

where Az, & has size 7 X 7, M§7§ has size 7 X 1 and Mg has size n x 7.
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To compute ﬁAT(AXN/AT)*lA\/‘T/h, we just need to compute
VVMVVh+ VVMg(AZL + Mg ) ' MIV V.

Note the running time of computing the first term of the above equation only takes O(n - ||h|o)
time.

Next, we analyze the cost of computing the second term of the above equation. It contains
several parts:

1. Computing Mg . (ﬁ -h) € R” takes 7||h||o time.

2. Computing (Kg,lg + Mg’g)_l € R™7 that is the inverse of a 7 x 7 matrix takes 77°(1) time.

3. Computing matrix-vector multiplication between 7 x 7 matrix ((Aglg + ngg)_l) and 7 x 1
vector (Mg ﬁh) takes O(72) time.

4. Computing matrix-vector multiplication between n x 7 matrix (Mgz) and 7 x 1 vector ((ﬁglg—i—
M§7§)*1M§T\/§h) takes O(n7) time.

5. Computing the entry-wise product of two n vectors takes O(n) time
Thus, overall the running time is

OF||hlo + 7+ 172 4 07 + n) = OFE+°D 4 nF) = O(nae+o) 4 plta),

)

Finally, we note that w < 3 —a < 3 —a (Lemma A.4) and hence a-w < a(3 —a) < 1+ a.
Therefore, the runtime is n!+ato(d). O

5.4 Bounding w move
The goal of this section is to prove Lemma 5.6.

Lemma 5.6 (w move). We have
> 0B el — val)] <001+ Cofeny) - Viogn - (72 4 0T,
i=1

Proof. Observe that since the errors ]azgk)\ are sorted in descending order, and (x) is symmetric

and non-decreasing function for x > 0, thus w(mgk)) is also in decreasing order. In addition, note
that g is decreasing, we have

Y aw@l) < gia). (20)
=1 =1

Hence the first term in (19) can be upper bounded as follows:

E

(]
S
/N
<
—
<
A=
S
S~—
|
<
—~
8
BN
=
S—
N——
| S
IN

> g (vl - wufﬁi)))] by (20)
=1

= Zg CElp(yi)) — $(at)]

= O(C1 + Ca/emp) - V1ogn - (n=%? 4 n¥=5/2). by Lemma 5.7

Thus, we complete the proof of w move Lemma. O
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It remains to prove the following Lemma,

Lemma 5.7.
Zgz @) = @)= 0(C1 + Cafemp) - Vlogn - (0™ 41 =/?),

Proof. Let I be the set of indices such that |:zz(k) | < 1. We separate the term into two:

>0 Bluuy) — )] = Y g Bl@) — 0@ + 3 g Bl ) ().
=1

el 1el¢

Case 1: Terms from [ Mean value theorem shows that

pu®) — p@®) = ¢ @) P — 2P + TP - P2

(k+1) (k) (k+1) (k) 2
k)| W; —w; Ly [ w, — w,
<Y @St S (w) ,

2
vy Y;

where Ly = max, ¢ (x). Taking conditional expectation given w® on both sides

(k+1) (k)
E|lw; —w, L 1
Bp®) - v < i) 2w + 3 o E[(w{" —w{”)?

v; U

wy") n Ly (w!))?
) L2 i,
v; 2 (v z(k))

2
w9
w® '

To bound ;7 g1 E[w(yl(k)) - 1/J($§k))}, we need to bound the following two terms,

Elw (k"'l)] (’f)
where §; = W and v, = E

(k) (k)2
k)| W; Lo (w;
Zgﬂ—l(i)i//(%"g ))Wﬁi, and Zgﬂ'—l(i);( 0 )2 Yi- (21)
iel v, iel (Ui )

w®

(k)
For the term %, we note that for ¢ € I, we have |—

w,
(k)
/UZ

< ’ (k) ’ 4+ 1 < 2. Using this, we can

bound the first term by

IN

/ % % 2
E gﬂ_l(i)d] (‘Tz ) (k) Bi E (gﬂ'—l(i) (k) ) E 6

el i€l

IN

n 1/2
Ly) (ng : 012) = O(C1L1]|gl[2)- (22)
i=1

where L1 = max, [¢)'(z)], the first step follows by Cauchy-Schwarz inequality and the second step
follows by ¢/ (z(?) - w® /o™ | < 2L, and 7, B2 < C2.
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For the second term, we have

(k)\2
L

>0 22((@); O(L2) }jgz % = O(CaLag]l2) (23)
il i

Now, combining (22) and (23) and using that Ly = O(1), Ly = O(1/eyy) (from part 4 of
Lemma 5.10) and ||g||2 < vIogn - O(n~%? 4+ n*~5/2) (from Lemma 5.8), we have that

S a1y Bl @) — ()] < O(C1 + Ca/emp) - Vlogm - (n=%? 4 n2=5/2),

il

Case 2: Terms from /¢
For all i € I¢, we have |£L‘§k)| > 1. Note that ¢(z) is a constant for x > 2¢,,, and that €,,, < 1/4.

Therefore, if \yz(k)] > 1/2, we have that @D(yi(k)) - @b(xl(k)) = 0. Hence, we only need to consider the
i € I¢ such that \y§k)] < 1/2. For these i, we have that

1 < ) ’ w(k+1) wl(k) wz(k—i-l) wZ(k-i-l) B wzgk) 3 (k—i—l) wZ(k)
=<y — - 2 ’
2 v Ui(k) Uz(k) wl(kJrl) 2 wZ(kJrl)
k) WD) wEFD gy (%)
’ = (M < 1/2. Hence, we have that G 1/3 and hence
wF T k) C .
®——| > 1/4, which is impossible.
w;
Hence, we have
k k
> 91 Bl ") — vl = 0.
iele
Combining both cases, we have the result. O

Lemma 5.8.

n 1/2
(Z gz2> < \/@ . O(n_a/2 + nw—5/2)'
=1

Proof. Since function g behaves differently when ¢ < n® and ¢ > n®. We will the sum into two parts.
For the first part, we have

n n
E:gi2:§:n—2a:na
i=1 i=1

For the second part, we have

_ 2a(w—2)

n 2(w—2) 2 Qa(w 2) 2(w—2) 1 —
Zgz Z/Lla _57215‘ l1—a

i=na 1=na 1=na

Note that

2(w—2) 1 _ 2a(w=2) 2(w=2) _ 2a(w=2) 2(w—2) 1 _ 2a(w=2) _ _
max i 1@ 1-a =max(n® 1-a “p~ 1-a p 1-a 1=a ) = max(n~% n*°).
1€[n%,n]

Thus, the second part is

Z 9; = Z - Hlax(n “7n2w*5) — O(]Og TL) . max(nfa7n2w75)'

i=na i=na

Combining the first part and the second part completes the proof. O
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5.5 Bounding v move

Lemma 5.9 (v move). We have,

k
Zgl ( 7r(z w(ms-(jil))) > Q(ﬁmprkg'rk/log n)

Proof. We split the proof into two cases.

We first understand some simple facts which are useful in the later proof. Note that from

(k+1)

definition of z;" ", we know that x(**1) has rj, coordinates are 0. Basically, [[y*) — z*+D]g = ry.

The difference between those vectors is, for the largest rj, coordinates in y®), we erase them in

z*+D " Then for each i € [n — ry], a:gz;;l) = ygzerrk). For convenience, we define y7(rIZ31+i) =0,
Vi € [’I"k] .
Case 1. We exit the while loop When 1.5r, > n.

Let u* denote the largest u s.t. |y e )| > €mp. If u* =11, we have that |y | > €mp > €mp/100.

Otherwise, the condition of the loop shows that

ly ol = (1= 1/logn)'osrsrlosise \y > (1 —1/log )t ey > €/ 100,

)|

where we used that n > 4.

According to definition of 2k (Jg ) we have

- k k - k k - k k
Sl - v = Y awl) - vl ) = Y e - e,
i=1 =1 i=n/3+1

n 2n/3

> 3 g@OE)) = Y gitb(emp/100) > Qrkgr,emp)-
i=n/3+1 i=n/3+1
(k+1) _ (k)

where the first step follows from x7 ) the second step follows from ( |z|) is non-

w(i+rg
decreasing (part 2 of Lemma 5.10) and \y ~) \ is non-increasing, the third step follows from 1.57; > n

and hence LZJ( =0 fori >n/3+ 1 the fourth step follows from %) is non-decreasing and

7r(z+rk))
|y | > ]y \ > €mp/100 for all ¢ < 2n/3, and the last step follows by ¢ is decreasing and part 3
of emma 5 10

Case 2. We exit the while loop when 1.5r; < n and |y7(rlz)1.5m)| <(1-1/log n)\yfrlak)\

By the same argument as Case 1, we have that ]yﬁélk)\ > €mp/100. Part 3 of Lemma 5.10
together with the fact

’y (1.57) ’ < mln(fmpv |yﬂ-(r ’ (1 - 1/10gn>)7

shows that

P50 50 ) = L8 ) = Qemp/ logn). (24)
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¥(x) | P(z) 1r P(x)”

Figure 2: ¢(z), ¢(z)" and ¢(z)". For €y, € (0,1).
Putting it all together, we have

Z gi - () — vl D)

k k k+1 k
~ Y (W) = v ) by 20s ) =4
=1
Tk
k k k
> Z gi - (w(y,(r(z)) - ¢(y,(r(2+rk))) by zb( w(l ) w(yfr(2+rk)) >0
i=ry/2
Tk
k k
> > g ) — vl s,)
i*rk/Q
€
> Py
> Z 9 Upogr) by (24)
i=ry/2
> Z Gry, - Q(lzml;a ) by g; is decreasing
i:Tk/2 g
= Q (emprigr,/logn),

where the third step follows by ]y;k(:z)] is decreasing and v is non-decreasing (from part 2 of
Lemma 5.10). O

5.6 Potential function v

Lemma 5.10 (Properties of function ). Let function ¢ be defined in (18). Then function 1
satisfies the following properties:

Symmetric (Y(—x) = P(z)) and ¥(0) =

¥(|x|) is non-decreasing;

¢/ (2)] = Q(1), V]z| < 1.5emp;

L1 = max, ¢/ (z) = 1 and Ly = max, ¢/ (z) = 1/emp;
Y(z) is a constant for |z| > 2€myp.

Proof. We can see that

Guds Lo o~

',T‘ || € [0, emp) L € [0, emp] U[~2€mp, —€mp)
2€mp—
W(a) = 2l gl € (e, 2emy]  and $(@)" = =L 3 € (emp 2€mp) U [y, 0]
0 z € (2€mp, +00) 0 x € (2€mp, +00)
From the ¢ (z)" and 1 (z)”, it is not hard to see that ¢ satisfies the properties needed. O
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A

Michael Cohen

so consider the simplest possible version of the inverse maintainence thing
which is

n = O(d)

AND

you are promised | 2 of the update is small

Michael Cohen
I think | can achieve this (up to polylog factor), deterministically, using matrix multiplication in d~{2.5} time

though i'm very likely screwing up

Michael Cohen

OK so

we're deferring updates to the weights

so for each weight we have a "current" weight and a "desired multiplication"

all "desired multiplications" are between e.g. 1/2 and 3/2

i'll refer to "desired update" = "desired multiplication"-1, so they're between -1/2 and 1/2

makes sense so far?

Michael Cohen

so each step updates the "desired updates"

as long as all of them stay < 1/2 in absolute value, we do nothing

if the biggest has absolute value > 1/2

we find the first i

such that the (2i)th largest (in absolute value) desired update

is smaller by at least a factor of 1-1/(log n)

than the i'th

then we fix all of the biggest (2i) desired updates, with a rank-(2i) update

Michael Cohen

that’s the whole algorithm

potential function is

sum over i of (i'th largest (absolute) desired update) / sqrt{i}

Figure 3: The message that starts this paper.
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A Appendix

Lemma A.1. Let x and y are (possibly dependent) random variables such that |x| < ¢, and |y| < ¢,
almost surely. Then, we have

Var[zy] < 2¢2 - Var[y] + 203 - Var[z].
Proof. Recall that Var[zy] < E[(zy — t)?] for any scalar ¢. Hence,
Var(zy] < E[(zy — Elz] E[y))*] = E[(zy — 2 E[y] + 2 E[y] — E[z] E[y])’]
< 2E[(zy — 2 E[y))’] + 2E[(z Ely] - E[z] E[y])’]
< 2¢2 - Var[y] + 203 - Var|z].
O

Lemma A.2 ([Vai89b]). Given a matriz A € R¥>™, vectors b € R ¢ € R™. Suppose x,s,y € R"
satisfy that vs =1 t, Az = b and ATy + s = ¢ for somet > 0. For any e € (0,1/2], in
O(n*5log(n/e)) time, we can find vectors z"°V, s"V € R™ and y**" € R? such that
Hxnewsnew _ t”2 S 67
Az = b,
ATynew +s=c.
Remark A.3. Instead of using this, one can also run our algorithm with k = n for O(y/nlogn)

iterations. Since k = n, there is no randomness involves and hence ® will decrease deterministically

to O(n).
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Lemma A.4. w <3 —a.

Proof. We consider a n x n matrix A multiply another n x n B, we split A into n'~® fat matrices
where each of them has size n® X n. Since w is the best exponent of matrix multiplication, thus we
know

wto(l)  pl-a n2+o(1)

n n

which implies w < 3 — a. 0

Lemma A.5 (Rectangular matrix multiplication). For any n > r, multiplying an n x r with an
r X n matriz or n X n with n X v takes time

n2to(l) 4 r;%fn%afif) +o(1)
Proof. The cost for multiplying a n X n and a n X r matrix is the same as multiplying a n x r and
a r X n matrix. So, we focus on the later case.

For the case r < n?, it follows from the rectangular matrix multiplication result in [LGU18].

1
For the case r > n%, we let k = (n/r)7-=. We can view the problem as multiplying a k x k“
and a k% x k block matrices and each block has size 7 x 7 size. Therefore, the total cost is

p2o(l) o (%)w+o(1) _ r%—jnz—“(%;”w(l).

O

Lemma A.6. Consider a linear program min g,—p ;>0 ¢z with n variables and d constraints. As-
sume that

1. Diameter of the polytope: For any x > 0 with Ax = b, we have that ||z|; < R.

2. Lipschitz constant of the linear program: ||c|lec < L.
For any 0 < § <1, the modified linear program minZE:Z,E>O ¢ T with

B A 0 fb—AlL, - Lo §/L-c
A= 1] 1 0 b= n+1 ,and € = 0
-1 -1 0 —(n+1) 1
satisfies the following:
1, Oq 1, + % -C
1.z=| 1 |,g=1| 0 | ands= 1 are feasible primal dual vectors.
1 1 1

2. For any feasible primal dual vectors (Z,y,5) with duality gap < 6%, consider the vector T =
R -T1. (T1m is the first n coordinates of T) is an approximate solution to the original linear
program in the following sense

¢'2< min c¢'z+LR-6,
Azx=b,x>0

IAZ = by <25 | R [Aigl+ bl | ,

i7j
T > 0.
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Proof. For the first result, using § < 1, straightforward calculations show that (7,7,s) are feasible.
For the second result, we let OPT = mingz—p ;>0 ¢z and OPT = ming__7 -~ ¢'Z. For any

z/R
feasible x in the original LP, z = 0 is a feasible in the modified LP. Therefore, we have that
0
opT < 2 ¢ (z/R) = O opr
- L LR ’
Tl
Given a feasible (Z,¥,3) with duality gap 62. Write T = T for some 7 > 0,0 > 0. We
0
can compute ¢'Z which is % - ¢"Z1.m + 0. Then, we have
é-cTil-n+9<OPT+52 < i-OPT+52. (25)
L ' - — LR

Hence, we can upper bound the OPT of the transformed program as follows:

¢'"T=R-c" Ty =

RL 6 +_ _RL(3
5 L 5 \LR

= T < — 'OPT—|—52> =O0OPT+ LR,

where the first step follows by ¥ = R - T1.,, the third step follow by (25).
For the feasibility, we have that § < % -OPT + 6% < 2§ because OPT = mingz—p »>0 ¢'z<LR.
The constraint in the new polytope shows that
_ 1 1
ATy + (ﬁb — Al,)0 = Eb.

Rewriting it, we have A7 — b = (RAl,, — b)f and hence

1AZ = blls < | RY Ayl + (bl | 6 <26- [ R Ayl +[lo]:

1,J 0]
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